Polarizable dipoles, such as atoms, molecules or nanoparticles, subject to laser radiation, may attract or repel each other. We derive a general formalism in which such laser-induced dipoledipole interactions (LIDDI) in any geometry and for any laser strength are described in terms of the resonant dipole-dipole interaction (RDDI) between dipoles dressed by the laser. This approach provides a simple route towards the analysis of LIDDI in a general geometry. Our general results reveal LIDDI effects due to nonlinear dipolar response to the laser, previously unaccounted for. The origin of these nonlinear effects is discussed. Our general formalism is illustrated for LIDDI between atoms in a cavity.
I. INTRODUCTION
Electromagnetic fields are the main tool in the control and manipulation of the motion of polarizable dipoles, such as atoms and molecules, which are key objects in physics and chemistry. Optical traps [1] and laser cooling [2] are widely used to induce external mechanical forces on individual dipoles, whereas interactions between atoms are often tuned with the help of external magnetic or electric fields [1, 3] . In this work, we address laser-induced dipole-dipole interactions (LIDDI) by establishing their relation to resonant inter-dipolar interaction (excitation exchange) in any confined geometry.
Polarizable dipoles subject to static electric fields interact via the electrostatic dipole-dipole interaction that scales in free space as 1/r 3 , r being the inter-dipolar distance. A dynamic analog is obtained when a laser field, far-detuned from the dipolar resonant frequency, illuminates the (induced) dipoles. In the retarded regime, where k L r 1 with k L the laser wavenumber, the resulting LIDDI scales like cos(k L r)/r, whereas in the nonretarded quasistatic case, where k L r 1, the electrostatic scaling 1/r 3 is restored [4] [5] [6] . The retarded longrange LIDDI was shown to be associated with peculiar many-body effects, such as self trapping [7] , density modulations [8] and the existence of a roton-like collective excitations [9] , in an atomic Bose-Einstein condensate.
Recently, the possibility to control and shape the space-dependence of the inter-dipolar LIDDI potential was considered. One option is to tune the laser parameters [10] or the radiation spectrum [11] . Another, more recent approach, is to consider dipoles coupled to structures that support confined photon modes [12, 13] . Once illuminated by off-resonant light and virtually excited, these dipoles interact via confined virtual photons whose spatial-mode structure determines the resulting LIDDI space-dependence. For example, in the case of many atoms that are trapped in the vicinity of an optical fiber [14] and free to move along its axis as in [15] , the fibermediated LIDDI can effectively become one-dimensional (1d), such that it extends to any range and the atoms may self-organize [12] . When the fiber incorporates a Bragg grating (1d photonic crystal), the relaxation dynamics of the resulting many-atom system was shown to reveal the inequivalence of statistical ensembles typical of non-additive systems [13] . Self organization and dynamics of laser-illuminated atoms inside a cavity were also studied theoretically and experimentally [16] .
A similar situation arises when considering the spatial dependence of the dispersive interaction between the internal degrees of freedom of the dipoles, the so-called resonant dipole-dipole interaction (RDDI), where a dipole, e.g. an atom initially in the excited state, periodically exchanges its excitation with another dipole, e.g. an atom initially in the ground state [4, 17] . RDDI is mediated by the exchange of virtual photons between the atoms, hence its space-dependence is determined by the spatial structure/propagation of the mediating photon modes. In free space and for r λ, λ being the typical dipolar transition wavelength, the RDDI exchange frequency scales as 1/r 3 whereas in the retarded regime r λ it takes the form cos(2πr/λ)/r. Such RDDI retardation effects are of interest for quantum information processing [18] . Studies of geometries where RDDI is mediated by confined photon modes include, for example, RDDI via surfaceplasmon-polariton and coplanar waveguide modes in one dimension [19, 20] or in geometries that create cutoffs or bandgaps in the photonic mode spectrum [21] [22] [23] , where spontaneous emission is absent and enhanced long-range RDDI may become dominant [24] .
The extensive experimental progress in the ability to couple atoms/dipoles to various confined photonic structures [14, 15, [25] [26] [27] [28] , makes the discussion of LIDDI in such structures ever more relevant. In this study we derive a general formalism for LIDDI in any geometry by relating it to the underlying RDDI process, thus providing a simple and intuitive recipe for calculating LIDDI through the less complex RDDI. We also show that the same holds for the relation between scattering of laser photons and spontaneous emission, respectively.
Our formalism has several appealing features: (1) It is fully quantum mechanical, with the laser radiation taken to be in a coherent state (in contrast to the less realistic number state [4] ). ( 2) It interprets LIDDI as RDDI be-tween dressed dipoles, thus allowing to account for LIDDI in strong radiation fields. This considerably simplifies the calculation of LIDDI in a general geometry to merely calculating the RDDI in that geometry, thereby avoiding the need for the rather cumbersome fourth-order perturbative QED calculation which contains 24 diagrams [4, 6] . (3) It enables the analysis of nonlinear effects in LIDDI, resulting from the nonlinear response of the dipoles to the laser, unaccounted for previously. (4) For the case of fardetuned laser field, it reveals a simple relation between the pairwise RDDI energy ∆ 12 and the LIDDI potential
where Ω is the laser Rabi frequency and δ the dipole-laser detuning. This provides an intuitive picture for LIDDI: The dipole/atom is virtually excited by the off-resonant laser with probability Ω 2 /δ 2 and, once excited, interacts with the other dipole/atom via RDDI.
The paper is organized as the following. Section II is dedicated to the derivation of the general formalism that relates LIDDI and scattering to their underlying RDDI and spontaneous emission, respectively, arriving at our central, general result for the LIDDI potential, Eq. (17). The large-detuning limit is discussed in Section III, whereas the application of our formalism to the analysis of LIDDI in a cavity is illustrated in Section IV. In Section V we put forward intuitive and simple arguments that explain the origin of LIDDI effects caused by nonlinear dipole response to the laser. Our conclusions are presented in Section VI.
II. GENERAL LIDDI-RDDI FORMALISM
We adopt a two-level atom model for the polarizable dipole. Thus, while still capturing the essence of nonlinear response of the dipoles, the discussion is kept simple and intuitive. The two-level atom approximation is justified for the typical situation where a laser frequency is close to a specific dipole-allowed transition of a system with discrete energy levels, such as atoms, molecules, quantum dots or even superconducting qubits. The atoms, with excited state |e and ground state |g interact with a laser (H A below). Considering a laser mode in a coherent state, an exact transformation due to Mollow [29] allows to treat the interacting system of atoms + single field mode in a coherent state (laser) + vacuum in the rest of the modes, as a system of atoms + single-mode external field (laser) + vacuum in all field modes [29, 30] . The atoms are coupled to the vacuum modes {k} in the considered geometry (H V below) via dipole couplings (H AV below) which ultimately lead to the inter-atomic interaction. The Hamiltonian
Hereâ k is the electromagnetic vacuum mode k lowering operator, whereas ω L and k L are the laser frequency and wavevector with Rabi frequency Ω = E L e L · d/ , E L and e L being its electric field amplitude and polarization vector, respectively, and d denoting the atomic dipole matrix element. In order to find the pairwise-LIDDI potential it is enough to focus on a single pair of atoms with indices ν = 1, 2 and corresponding atomic operatorsσ
being the location of atom ν, and u k (r) the spatial function of mode k. Moving to the interaction picture with respect to (w.r.t) H A + H V the Hamiltonian becomes
Here the rotating-wave approximation t 1/ω e , 1/ω L is taken, and the interaction-picture atomic operators areσ
, where T denotes time ordering.
A. Atom-laser system
We are now interested in finding the interactionpicture operatorσ ± (t) of the coupled atom-laser system. This is done for each atom ν = 1, 2 separately, hence the index ν is suppressed here. The operatorσ ± (t) can be viewed as a Heisenberg-picture operator w.r.t the Hamiltonian H A from Eq. (1). Then, dividing H A into H A −H L and H L = (1/2) ω Lσ z , we move to the so-called laser-rotated frame, which is an interaction picture w.r.t H L , where the Hamiltonian H A becomes
withΩ = Ωe ik L ·r and where δ = ω L − ω e is the atomlaser detuning. The eigenstates |± and eigenvalues ε ± of H A are found to be (see also [30, 31] )
whereΩ = |Ω| 2 + δ 2 is the effective Rabi frequency. Considering the relation between operators in the Heisenberg and interaction pictures we find
where
−iε±t |± . Then, recallingσ + = |e g|, σ − = |g e|, we can use the transformation (4) to express the operatorsσ ± in terms of the |± -dressed-basis projection operators and easily apply U A on these operators, obtaining
whereŜ ± = |± ∓| andŜ z = |+ +| − |− −| are the spin operators in the dressed-basis. This result can be written in a more compact form by absorbing the timeindependent coefficients into the operators, as
Eqs. (6) and (7) describe the dynamics of the atom operator σ + , dressed by the laser, as composed of a linear combination of the three spin operators in the dressedbasis i = ±, z, each oscillating in time with a distinct frequency ω i , hence allowing all possible transitions in this basis.
B. Master-equation approach
Insertingσ + ν (t) from Eq. (7) into Eq. (2), we obtain the interaction picture Hamiltonian in the form
This Hamiltonian describes the interaction of atoms, dressed by the laser (operatorsS iν ), with the electromagnetic vacuum (operatorsâ k ). We are interested to use lowest order perturbation theory in order to find the effective interaction between the dressed atoms, mediated by the vacuum, similar to the case of RDDI [17, 24] . Equivalently, this can be performed by the derivation of the master equation for the density operator of the two-atom system ρ(t) when it interacts with the vacuum reservoir in a stationary vacuum state ρ V = |0 0|. To lowest order (Born approximation) the master equation is given by [32] 
Inserting the Hamiltonian from Eq. (8) into Eq. (9) and using standard methods (see Appendix A), we obtain the Markovian master equatioṅ
with the effective dipole-dipole Hamiltonian
The dispersive, virtual-photon-mediated, RDDI energy ∆ i νν and the corresponding cooperative emission rate Γ i νν , are related by Kramers-Kronig relation and given by
where G νν (ω) is the vacuum-reservoir two-point (autocorrelation) spectrum defined in the continuum limit
. The geometry dependence of the LIDDI and related effects discussed below is thus encoded in the function G νν (ω), since this function depends on the dipole couplings g kν , which in turn depend on the spatial photon modes of the confined geometry u k (r ν ).
Two important assumptions regarding the temporal resolution of interest (coarse-graining time) T were made in the derivation of Eqs. (10), (11) and (12) (Appendix A): (1) T 1/|ω i − ω j |, ∀i = j, i.e. T 1/ |Ω| 2 + δ 2 . This allows to take terms oscillating as e i(ωi−ωj )t to be Kronecker deltas δ ij . (2) T τ c , where τ c is the correlation time of the reservoir, namely 1/τ c is the width of the functions ∆ νν (ω), Γ νν (ω) around ω i . This allows to take the Markov approximation and obtain a master equation which is local in time (see Appendix A and Refs. [24, 32] ).
C. RDDI and cooperative emission
Bare atom
In the absence of the external laser light, i.e. taking the limit Ω → 0 in Eqs. (7) and (4), we obtainS +ν = 0, S zν = 0,S −ν =σ + ν and ω − = ω e , such that the effective dipole-dipole Hamiltonian, Eq. (11), reduces to that of RDDI,
Then, once one of the atoms happens to be excited, it coherently and reversibly exchanges its excitation with the other, initially unexcited, atom. The complementary incoherent and radiative cooperative process, namely that of irreversible excitation exchange between the atoms via the emission of a real photon at the atomic frequency ω e [17, 33] , is described in the non-Hamiltonian part of the master equation (10) by terms proportional to Γ
These bare-atom processes are depicted by the diagram in Fig. 1(a) , where the atoms exchange their excitation via a photon at frequency ω. In the radiative process, the photon is real and hence has the frequency of the atomic transition ω = ω e , whereas the dispersive effect involves the summation over all diagrams with virtual photons ω around ω e , as can be seen by the sampling of the functions Γ νν (ω) and ∆ νν (ω) in Eq. (12), at ω − = ω e for Γ − νν and ∆ − νν , respectively. Both RDDI and its irreversible counterpart rely on the fact that one of the atoms is excited, and are absent when both atoms are in their ground states. As we shall see below, the essence of LIDDI revealed by our formalism is the possibility to excite the atoms by the laser, thus allowing them to interact via RDDI.
Dressed atom
In the more general case, where the laser is turned on, we write the effective dipole-dipole Hamiltonian (11) explicitly using Eq. (7), as
where r 12 = r 1 − r 2 . We also note that here the singleatom ∆ i νν (ν = ν ) terms are not considered, since they are not important for the interaction between the dipoles, and that we have assumed the typical situation where ∆ As in (c), except that here, the atom that emits the photon (atom 1) is initially in the |− state, whereas the absorbing atom 2 is initially in the state |+ . (14) . In analogy to the bare-atom case, the above Hamiltonian and its dissipative counterparts describe the RDDI and cooperative emission, respectively, between two dressed atoms, whose level scheme, consisting of two levels separated by an energyΩ [Eq. (4)], is presented in Fig. 1(b) . However, as opposed to the bare-atom case, where only one exchange process exists [see Eq. (13) and Fig. 1(a) ], here several processes can occur: (i) The first line in Eq. (14) describes a process where the internal states of the dressed atoms do not change, giving rise to a cooperative energy shift to the dressed states.
(ii) The process described in the second line, shown in Fig. 1(c) , is analogous to the bare-atom RDDI in Eq. (13) and Fig. 1(a) , where the dressed states |+ and |− take the role of the excited and ground states |e and |g , respectively. The relevant atomic transition is then |+ → |− , which in Fig. 1(b) is shown to be resonant withΩ. However, since the dressed-states (4) are written in a frame rotating with frequency ω L , the actual transition frequency is ω + = ω L +Ω. Then, a real-photon, dissipative effect involves a photon exchange with frequency ω = ω + , whereas the dispersive RDDI results from the equivalent virtual-photon effect, just as seen by the sampling of Γ 12 (ω) and ∆ 12 (ω) at ω = ω + in Eq. (12) for Γ + 12 and ∆ + 12 , respectively. (iii) The last process, described by the third line of (14) is that of the atomic transition |− → |+ , shown in Fig.  1(d) . Namely, atom 1, initially in state |− , transfers a photon to atom 2 which is initially in state |+ , and as a result both of them flip their states. The emission of a photon from the state |− and its absorption by the state |+ underlying this process, is enabled by the fact that the dressed state |− contains a component of the excited state and likewise the dressed state |+ contains a ground-state component. The transition frequency in the dressed-state basis is then −Ω, so that the actual frequency is ω − = ω L −Ω.
The three processes surveyed above, describe the interaction between the atoms mediated by photon modes at frequencies ω ± = ω L ±Ω and ω z = ω L , respectively, in analogy with the three spectral components of the wellknown Mollow-triplet of resonance fluorescence [34] . The distinction between these three processes and their physical meaning are further discussed in Sec. V C below.
D. LIDDI potential and scattering rate
We now present a central insight of this paper, namely, that LIDDI (and scattering) originate from RDDI (and emission) of dressed atoms. The average interaction energy between the dressed atoms, interpreted as the LIDDI potential, is obtained by averaging quantum mechanically over the Hamiltonian H DD , Eq. (14),
where ρ is the density matrix of the two-atom state. We note that the Hamiltonian H DD is assumed to be timeindependent in this formalism. In fact, H DD depends on the external degrees of freedom of the atoms, namely their positions r 1,2 , and hence becomes time-dependent due to their dynamics which is driven by the LIDDI potential U (r 12 ). However, assuming this dynamics is slow enough, namely, ∼ṙ 12 /r 12 is much smaller than any relevant energy scale such asΩ, a description using the potential U (r 12 ) from Eq. (15) can be viewed as a valid adiabatic approximation.
State-dependent potential
Eqs. (14) and (15) allow us to write the LIDDI potential for a general two-atom density operator ρ. Using the two-atom basis,
and denoting the corresponding density matrix elements n|ρ|m = ρ nm , we find tr[ρŜ
The LIDDI potential between a pair of atoms is then,
Here we have separated the potential U into its components U i according to its contributions from processes mediated by different photon mode frequencies ω i (i = ±, z). For example, if ρ does not allow for a superposition of |± states in each atom, then ρ 23 vanishes and the only contribution to the LIDDI originates from the ω z = ω L mediated process, later interpreted here as the linear component of LIDDI. We recall that Ω and ∆ 12 contain the atomic-dipole matrix element d which, in spherically-symmetric cases, is determined by the laser polarization e L , the only preferred direction (see Appendix B).
Steady-state and transient potential
The two-atom density matrix ρ, to be used in Eq. (17) for the LIDDI potential, is determined by the solution of the master equation (10) . In general, this yields a time-dependent potential U (r 12 ) obtained by averaging in Eq. (15) with the time-dependent solution ρ(t). If however the time-resolution of interest is longer than the typical decay times
, then the steady-state solution of the master equation, found by settingρ = 0 in (10), can be used to obtain the stationary LIDDI potential. On the contrary, if the dynamics of interest occurs at times much shorter than the decay times τ i (i = ±, z), then ρ(t) and hence U (r 12 ), may be obtained by simply solving Eq. (10) without the dissipative terms. These two limiting cases are illustrated in Sec. IV below for atoms in a cavity.
Scattering rate
Turning to the dissipative counterpart of the LIDDI potential, the dressed atoms can scatter laser photons via spontaneous emission, resulting in a random diffusive motion for the atoms, on top of that driven by the LIDDI potential. Upon ignoring (for the time being) the cooperative scattering terms, the scattering rate from a single atom (e.g. atom 1 without loss of generality) can be obtained by averaging the dissipative, imaginary-Hamiltonian-like, terms of the master equation for ν = ν = 1. In analogy to Eq. (17), we obtain the single atom scattering rate R as
where 1) |± . The scattering rate given above is composed of scattering rates of photons at three distinct frequencies: ω z = ω L , the frequency of the incoming laser light, and two sidebands at frequencies ω ± = ω L ±Ω, which reproduce the Mollow-triplet fluorescence spectrum. The amplitudes of the sidebands are determined by their corresponding scattering processes: An atom that scatters a ω ± photon is initially in state |± and finally in state |∓ . Hence, the amplitude is related to the probability of the atom to be in the initial state, i.e. ±|ρ|± that appears in the expressions for R ± . Likewise, scattering at ω L does not change the internal state, which explains its independence of the atomic state ρ.
E. Linear and nonlinear LIDDI
Our LIDDI result of Eq. (17) reveals that LIDDI is mediated by virtual photons centered around three frequencies; namely, that of the incident laser, ω L , and those of the sidebands ω ± . The former, linear, process gives rise to the LIDDI term proportional to ∆ 12 (ω L ), whereas the latter give rise to a nonlinear LIDDI process manifest by ∆ 12 (ω ± ). Here, the term "linear" is more easily understood when we consider the scattering rate R [see Eq. (18)]: if the scattered real photons are at the same frequency as the incident light, as in the term Γ 11 (ω L ), then the process is linear, as in elastic scattering. However, if the scattered photons are at a different frequency, here ω ± = ω L ±Ω, then the scattering is inelastic and we call it a nonlinear process. Likewise, viewing LIDDI as the virtual-photon (and cooperative) counterpart of scattering, we call the process mediated by virtual photons around ω z = ω L "linear" and that mediated by ω ± "nonlinear". As discussed below, previous treatments of LIDDI [4-6, 11, 35] obtained only the linear contribution, whereas our formalism accounts also for the nonlinear response of the atoms to the laser light.
III. LARGE DETUNING LIMIT
Most of the previous results of LIDDI, e.g. those of Refs. [4-6, 11, 35] , are obtained in the limit of weak laser amplitude Ω compared to atom-laser detuning δ, assuming also that the atoms are in the ground state.
Naïvely, this result can be reproduced by our formalism in this large-detuning limit Ω/δ 1 as follows: We first note that
and further approximate |g ≈ |+ for each atom, such that ρ = | + 1 + 2 + 1 + 2 | = |1 1|. We then have ρ 22 = ρ 33 = ρ 23 = 0, such that we find that the nonlinear LIDDI vanishes, U ± = 0, and only the linear part remains,
By recalling the dynamical polarizability of atoms in their ground-state and in the limit of far detuned laser, α(ω L ) ≈ −|d| 2 /( δ), and considering the known solution for the RDDI ∆ 12 (ω L ) in free space [4, 17] , we recover the free-space LIDDI result from [4] [5] [6] .
This result fails to capture the nonlinear part of LIDDI which is clearly important beyond the weak laser (i.e. large detuning) approximation. Interestingly enough however, the above result, Eq. (20), appears to be inconsistent even within the Ω/δ 1 approximation, from two main reasons: (1) The assumption that the atoms always stay in the ground state, which although seems reasonable for large detuning, is not always true, especially for long times (see Sec. IV B below), and generally the state of the atoms ρ has to be found by solving the master equation (10) . (2) Even if we assume that the atoms are in the ground state, i.e. ρ = |g 1 g 2 g 1 g 2 |, and take the approximate |g from (19) instead of just taking |g ≈ |+ , we find ρ 23 ≈ |Ω| 2 /(4δ 2 ). Then, to second order in Ω/δ, there exists also a nonlinear term, describing LIDDI mediated at AC-Stark shifted atomic frequency (for e.g.
which is totally missed by previous treatments and Eq. (20) . This is because in previous treatments linearity, namely, that the mediating virtual photons are at the same frequency as the incident laser photons, was imposed by the method of calculation. In Appendix C, we briefly review two such previous approaches and show how linearity is imposed by them, thus clarifying the reason for the absence of the nonlinear term therein.
In fact, as shown in Sec. IV below, the above results, (20) and (21) , are obtained for LIDDI in the largedetuning and transient regime, for atoms initially in their ground states, whereas in steady-state only the linear part (20) survives. Moreover, Eqs. (20) and (21) provide an interesting insight into the nature of LIDDI in the large-detuning limit: Looking at the coefficient |Ω| 2 /(2δ 2 ) in front of the RDDI rate ∆ 12 in both equations, and recalling that it is proportional to the probability to excite an initially ground-state atom in this regime, we can interpret LIDDI as the excitation of an atom by the laser at probability |Ω| 2 /(2δ 2 ) thus allowing it to interact with another atom via RDDI at rate ∆ 12 .
IV. EXAMPLE: LIDDI IN A CAVITY
Let us illustrate our formalism by considering the LIDDI potential for atoms inside a cavity geometry. Such an analysis is very relevant for current experimental and theoretical research in many-atom systems inside cavities [16] . We treat this example in two cases, the first case where dissipation (emission/scattering) is significant such that the relevant LIDDI is that in the steady state, and the second case in the transient regime where dissipation is negligible. For both cases however, we first have to find the underlying effects of RDDI and emission.
A. RDDI and emission rate
For simplicity, we assume a perfect cavity of length L and effective area A, and consider a single transverse mode, such that the relevant photon modes are those in the longitudinal direction z,
with frequencies ω n = n(π/L)c and where µ is the polarization index, e.g. µ = x, y. Assuming all three ω i 's (i = ±, z) are between and do not coincide with the cavity modes ω n , there exists no atom dissipation to the cavity modes, i.e. they do not contribute to Γ i νν , whereas their contribution to the RDDI, given by Eqs. (12), (22), is
2 (For a more complete treatment of RDDI in a cavity see [22] ). Since the transverse (x, y) area of the cavity mirrors is finite, the atoms are also coupled to non-confined photon modes. We then expect that their spatial scaling is similar to that of freespace modes, such that their contribution to the cooperative effects Γ and is negligible for typical atomic distances larger than the atomic wavelength. Then these modes only contribute to the single-atom spontaneous emission rate, which is approximated as that of free-space. Finally, we have
and ∆ i 12 from Eq. (23).
B. Case 1: Steady state LIDDI
Assuming the dissipation rate is larger or comparable to the RDDI rate, i.e. Γ −1 , such that dissipation is important. Then, the relevant LIDDI is that in the steady-state, which is calculated by solving the master equation (10) forρ = 0 with the dissipation and RDDI parameters from Eqs. (23) and (24) . For the density matrix elements of interest, we find the steady-state equation, 
For the large detuning limit, Ω/δ 1, we expand the above result to lowest order and find,
reproducing the linear-analysis result shown in Sec. III, Eq. (20).
C. Case 2: Transient LIDDI
Our analysis shows that while RDDI is mediated by confined cavity photon modes, the dissipation is driven by the non-confined free-space-like modes. For ω L (and hence ω i 's) close to a cavity mode ω n , this leads to the possibility of RDDI much stronger than dissipation, as revealed by Eqs. (23) and (24) . Therefore, in such a regime, it is relevant to consider the dynamics, and hence LIDDI, at time-scales much shorter than the dissipation time 
Here we divided the LIDDI into its linear and nonlinear contributions, U L and U N L , respectively. In the largedetuning approximation Ω/δ 1 we find
While the linear part of this result is the same as that of the steady-state result, here there is an additional nonlinear contribution, which in the large-detuning regime is equivalent to that discussed in Sec. III, Eq. (21).
V. DISCUSSION: ORIGINS OF NONLINEARITY
Since previous treatments [4-6, 11, 35] have only yielded linear LIDDI processes, it is interesting to focus on the mechanism that leads to nonlinear effects in our more general approach. These effects are manifest in the probing of ∆ 12 (ω) at frequencies different than that of the incident laser ω L in the expression for LIDDI, Eq. (17), which is relevant at time resolution T Ω −1 , with Ω = |Ω| 2 + δ 2 , as revealed by our dynamic masterequation-based formulation (Sec. II B) . In what follows, we discuss, from different perspectives, the origin of the nonlinear effects and when they are expected to be significant.
A. Amplitude modulation of excitation probability First, let us take an intuitive dynamic approach towards the fluorescence of an illuminated atom described by Hamiltonian (3). The solution for the dynamics of the atomic excitation-probability P e is known to be [30] 
Hence, the excitation probability P e , and consequently the scattering rate from a single atom, is modulated. Since this scattered radiation is centered around ω L [recalling that Hamiltonian (3) is written in a frame rotated by ω L ], this expression implies an amplitude-modulated scattered signal, whose spectrum contains peaks around ω z = ω L and ω ± = ω L ±Ω, as found above. The distance between the peaks isΩ, hence they can be resolved only at times larger thanΩ −1 . This provides an intuitive interpretation for the scattering rate in Eq. (18) and the LIDDI related to it, Eq. (17): at times T Ω −1 it is possible to distinguish between scattered or LIDDImediating photons at three frequencies ω i (i = ±, z); hence, Γ 11 (ω) or ∆ 12 (ω), respectively, are probed at these frequencies for such a time-resolution.
B. Dressed atoms as modulated open systems
Let us recall the master-equation approach used to derive the LIDDI and scattering rate expressions above: In Sec. II A we first solved for the relevant operator of the combined atom-laser, or dressed-atom, system that couples it to the reservoir, i.e.σ ± . In analogy to the bare-atom case, whereσ ± =σ ± e ±iωet , we then proceeded to calculate the RDDI between atoms, however this time they are dressed, with the time-dependent Σ ± (t) =σ ± e ∓iωet replacing the bare time-independent σ ± . Then, from the point of view of the reservoir, it interacts with a dipole that oscillates at all frequencies contained inΣ ± (t) (around ω e ), and hence responds resonantly with all these frequencies, which are the same ω i (i = ±, z) as before. This explains why Γ 11 (ω) or ∆ 12 (ω) are probed at these (resonant) frequencies. Moreover, it provides a frequency-domain picture for the time-scales at which the nonlinear effect, namely, the probing of Γ 11 (ω) and ∆ 12 (ω) at frequencies other than ω z = ω L , becomes significant: The overlap integral in Eq. (A11) of Appendix A gives distinct results for different ω i (i = ±, z) when the sinc function δ T (ω) is narrower than the differences between different ω i , T Ω −1 and as long as the widths of Γ 11 (ω) and ∆ 12 (ω) around ω i , 1/τ c , are not larger than their difference, 1/τ c Ω .
This approach to our results is related to known theories for the interaction between modulated systems and a reservoir [37, 38] : There, modulation of system parameters, such as atomic energy levels, by external fields, yields the replacement of the bareσ + operator by ε(t)σ + in the system-reservoir coupling, ε(t) being a time-dependent function determined by the modulation, in analogy toΣ + (t) in our case. By writing ε(t) ≡ q ε q e iνqt , one then obtains that the reservoir response, e.g. Γ 11 (ω), becomes q |ε q | 2 Γ 11 (ω e + ν q ) instead of the bare-system Γ 11 (ω e ) [37, 38] , in analogy with our LIDDI and bare-atom-RDDI results, respectively.
C. Transition amplitudes between dressed states
In Section II C we have treated the effects that underlie LIDDI and scattering as dipolar interactions driven by three distinct processes, each involving a different transition between the dressed states of Fig. 1(b) . Equations (14), (17) show that each of these processes has a different amplitude: |Ω| 2 /(2Ω 2 ) for the process mediated by ω z = ω L and (δ ∓Ω) 2 /(4Ω 2 ) for the process mediated by ω ± = ω L ±Ω. In the following we show that these amplitudes are directly related to those of corresponding transitions between laser-quantized dressed states [30] .
In the spirit of Chapter VI in Ref. [30] , we consider the coupling of a quantized laser modeâ to an atom via H = ω Lâ †â +(1/2) ω eσ z + g L (â †σ− +âσ + ) and assume the laser to be in a coherent state with average photon occupation N . For large enough N , we can ignore the laser photon fluctuations around the average √ N compared to the average N , such that in the N -manifold of the atom-laser space, {|e, N , |g, N + 1 }, the relevant
with eigenenergies (N + 1) ω L ± Ω , respectively. The energy level diagram of two adjacent manifolds is plotted in Fig. 2 . Radiative transitions, i.e. emission of a photon from the atom to the vacuum, do not change the number of laser photons but take the atom from the excited to the ground state |e → |g , i.e, involve only aσ − operation. Hence, such transitions can only occur between adjacent manifolds. There are four possible transitions, marked by dashed lines in Fig. 2 : The two at the center represent the linear process which involves an emission of a photon at the laser frequency ω z = ω L and the other two transitions at frequencies ω ± = ω L ±Ω represent the nonlinear processes. Hence, the strength of any process that involves an emission or exchange of a photon at frequency ω i (i = ±, z) as in the scattering and LIDDI of Eqs. (18) and (17) should be proportional to the probability of the transition between dressed states with energy difference ω i in the emitting atom. 
, just as in the prefactor that appears in the i = + scattering and LIDDI of Eqs. (18) and (17) . Likewise, the relevant nonlinear ω − = ω L +Ω process seen in Fig.  2 is that of the |− N → |+ N −1 transition, with amplitude + N −1 |σ − |− N = (δ +Ω)/(2Ω) and probability (δ +Ω) 2 /(4Ω 2 ), as in the prefactor of the i = − terms of Eqs. (17), (18) . Finally, there are two different processes that involve a ω L photon, i.e. |+ N → |+ N −1 and |− N → |− N −1 with identical transition probabilities |Ω| 2 /(4Ω 2 ). Summing the probabilities of both processes we obtain |Ω| 2 /(2Ω 2 ) as in the prefactor of the i = z terms of Eqs. (17), (18) .
VI. CONCLUSIONS
This study has addressed laser-induced interactions between polarizable dipoles (LIDDI), e.g. atoms, molecules or nanoparticles, in a general geometry. It is expected to prove useful to the understanding and design of LIDDI between polarizable dipoles in confined electromagnetic environments, encountered in various experimental systems [14] [15] [16] [25] [26] [27] [28] .
We have analyzed in detail LIDDI in a general geometry without assuming that the dipoles respond linearly to the applied laser field, and have found that it can be described as the resonant dipole-dipole interaction (RDDI) between laser-dressed atoms in the same geometry. This description has allowed us to obtain general formulae for both LIDDI and scattering in terms of the corresponding RDDI and spontaneous emission, respectively [Eqs. (17) and (18)].
The LIDDI and scattering revealed by our formulae contain contributions due to the nonlinear response of the dipoles to the laser light, which are missing in previous treatments, e.g. those of Ref. [4-6, 11, 35] . By reviewing the principles of these previous treatments, we have demonstrated their imposed linearity as the source of the absence of nonlinear LIDDI/scattering effects in these treatments. We have then explained, using several simple and intuitive approaches, the origin of the nonlinear LIDDI and scattering terms in our expressions.
Considerable progress has been reported in the ability to couple atoms to cavities [16, 27] and nano-fibers [14, 15] . This promising direction has already lead to exciting predictions [12, 13, 16, 39] and experiments [16, 40] concerning the many-body physics of illuminated atoms in confined geometries. In this context, the generality of our formalism and its illustration for the analysis of LIDDI in a cavity, suggest its applicability for further exploration of this timely line of research.
where the coordinate transformation τ = T − t was used and Θ(x) is the Heaviside step function. Using also the relations
where P denotes the principal value upon integration, the ME term (A7) becomes
.
Denoting the sinc function δ T (ω) ≡ 1/(2π)
with Γ νν (ω) and ∆ νν (ω) from Eq. (12) in the main text. This expression describes an overlap integral between the complex linear response (spectrum) of the vacuum reservoir to the two-atom system (1/2)Γ νν (ω)+i∆ νν (ω) and the sinc function δ T (ω) of width ∼ 1/T around ω = 0. Denoting the typical width of the vacuum spectral response functions Γ νν (ω) and ∆ νν (ω) around ω i by 1/τ c , and assuming T τ c , we can approximate δ T (ω) → δ(ω) and finally get
The rest of the three terms that appear on the RHS of the ME can be treated similarly, thus obtaining the ME in Eq. (10). However, here it is written for short times t = T w.r.t the typical time-variation of ρ(t). Nevertheless, since the coefficients of the ME are constant, it has the formρ
with L a time-independent superoperator. Then, its formal solution for t = T is ρ(T ) = e LT ρ(0), and similarly ρ(2T ) = e LT ρ(T ) = e L2T ρ(0) for t = 2T . This procedure can be repeated successively for any time duration t, so that the ME is in fact valid for arbitrary long time t, including time durations where the system state ρ(t) changes considerably.
Separation of time-scales. The coefficients of the ME terms become time-independent in the Markov approximation, namely by assuming that the time-resolution of interest, T , is much larger than the so-called correlation time of the reservoir τ c . On the other hand, in order to have sufficient resolution in probing the system dynamics, recall that we assumed T to be much shorter than the typical time of variation for the system, that can be directly read from the ME to be ∼ Γ −1 , i.e. the inverse of the rates Γ i νν , ∆ i νν . This implies,
namely, that the time-scales for the reservoir memory/correlation, τ c , and the system dynamics, Γ −1 , are well separated.
Appendix B: LIDDI dependence on laser polarization
Let us consider the dependence of the LIDDI potential, Eq. (17), on the orientation of the dipolar matrix element d and laser polarization. We note that both Ω and ∆ 12 (via g kν ∝ d · u k ) depend on d, which we recall to be d = g|d|e , whered is the dipole operator (e.g. the electron charge times electron position operator in an atom). For the case of polarizable dipoles with a fixed orientation, d is fixed, and so are the products d · u k and d · e L , such that Ω, ∆ 12 and hence the LIDDI U can be calculated. However, for cases where the atomic polarizability is effectively isotropic, the only preferred direction is that of the laser polarization, such that it effectively determines the orientation of d. In the following we illustrate this idea for two typical scenarios of atomic and molecular dipoles.
Isotropic atoms. Consider the ground state |g to have a spherical symmetric electronic wavefunction, i.e. with spherical harmonic quantum numbers l, m = 0, 0: |g = |0, 0 . Then, the quantization axis z that fixes the quantum number m is arbitrary and, assuming the laser is linearly polarized, we can choose it to be that of the laser polarization, i.e. e z = e L . Consider now the possible dipole-allowed excited states in a spherically symmetric potential for the electron, |1, m with m = 0, ±1. Then, by dipole selection rules, the dipole operator is generally written aŝ
where e ± is a right/left circular polarization unit vector, respectively. Then, the product d·e L = d·e z in Ω implies that the only state to be excited by the laser is that of m = 0, namely, |e = |1, 0 , such that the relevant dipolar matrix element that appears in the LIDDI potential U is
Considering a circular laser polarization, e L = e ± , the arbitrary quantization axis z is now chosen to be perpendicular to both circular polarizations, and accordingly the product d · e L in Ω imposes |e = |1, ±1 and d = d ± e ± = d ± e L , again parallel to the laser polarization.
Randomly oriented anisotropic molecules. Consider now molecules with an anisotropic polarizability, e.g. where for a given quantization axis not all possible m = 0, ±1 excited states exist, and the dipole matrix element is some fixed d. However, by allowing for random molecule orientation, the quantization axis of each molecule (with index ν) becomes random and so does the orientation of its corresponding dipole matrix element d ν . We recall,
where e k is the unit vector of u k and where we considered for simplicity U ∝ ∆ 12 Ω 1 Ω * 2 in the large-detuning approximation as in Eqs. (20) and (21) . The, choosing the spherical coordinates of the vector d ν with angles θ ν and φ ν , setting e z = e L , we have
with e i k = e k · e i (i = x, y, z). Inserting the above products into U in (B2), and assuming no correlation between the random orientation of different molecules, we obtain
dθ ν sin θ ν ... denotes averaging over orientation with an isotropic distribution. Performing the averaging we finally get
This result is equivalent to taking d = (1/3)|d|e L in ∆ 12 and Ω. Therefore, again, yet for a different spherically symmetric system, we effectively obtained d ∝ e L .
Appendix C: Review of previous linear treatments
In section III we have mentioned that the apparent discrepancy between our LIDDI results and those obtained by previous treatments (e.g. [4-6, 11, 35] ) is due to the linearity imposed in those treatments. Here we would like to briefly review the essence of two typical approaches used previously, and highlight how linearity is imposed in them, thus preventing them to capture the nonlinear terms of LIDDI revealed by our formalism.
First approach: Lowest-order scattering
Consider the following description of LIDDI depicted in Fig. 3(a) : a strong laser beam illuminates two atoms, such that atom 1 is subject to the laser electric field E L (r 1 ) and atom 2 to the field E L (r 2 ). Focusing on atom 1, the laser induces its polarization, which to first order in E L is P 1 = α 1 E L (r 1 ), α 1 being the atomic linear polarizability at the laser frequency ω L . Then, since the polarized atom 1 is an oscillating dipole, it scatters a field E sc , which then arrives at atom 2 where it is given to lowest order (Born approximation) by E (1) sc (r 2 ) = P 1 K(ω L , r 12 ). Here K(ω L , r 12 ) is proportional to the Green's function of the electromagnetic-field propagation at frequency ω L from r 1 to r 2 in the considered geometry. Since the electromagnetic energy of atom 2 (like any dipole) is −(1/2)α 2 E 2 2 , E 2 being the total electric field at r 2 , the lowest-order interaction energy U , interpreted as LIDDI, becomes,
where the last step (right-hand side) is valid for atoms in their ground state and for large detuning. The result and description above render the essence of treatments used in Refs. like [5, 6, 11, 35] . Its analogy to the linear part of our result (20) , ∝ (|Ω| 2 /δ 2 )∆ 12 (ω L ), becomes transparent upon recalling that the RDDI term ∆ 12 (ω) is directly related to the Green's function K(ω, r 12 ) [36] . The origin of linearity in this treatment is clear: the atoms are modeled as polarizable dipoles by using their linear response to electric fields, α 1,2 , at the same frequency as the incident radiation. This leads to the sampling of the Green's function at frequency ω L , thereby obtaining U ∝ K(ω L , r 12 ), ∆ 12 (ω L ). Clearly, by imposing a description where the highly nonlinear two-level atoms linearly respond to the strong laser, effects due to real or virtual photons at frequencies other than ω L cannot be revealed.
Second approach: Fourth-order QED perturbation theory
A different approach, applied in e.g. Refs. [4, 6] , uses a QED time-independent perturbative treatment similar to that used to calculate the van der Waals and CasimirPolder forces. Taking the state of the laser as a number state for the time-being, the laser and the vacuum are treated as a single system (the photons), where there are N photons in the mode with ω L and vacuum in the rest of the modes. Then, the LIDDI potential is interpreted as the lowest (fourth) order correction (in the atom-photon coupling) of the state |ψ = |g 1 , g 2 , 0 |N L , namely, both atoms in the ground state, N photons in the laser mode L and vacuum (0) in the rest of the modes. This energy ψ|H AV |I 3 I 3 |H AV |I 2 I 2 |H AV |I 1 I 1 |H AV |ψ
with H AV from Eq. (1). This is a sum over intermediate/virtual states, I 1 ,I 2 and I 3 , where E q is the energy of state |q without the interaction H AV , e.g. E ψ = N ω L (taking the atomic ground-state energy to zero here). The possible sets of virtual states can be represented by diagrams, such as that in Fig. 3(b) , with a total of 24 diagrams [4, 6] . In order to illustrate the essence of this approach, it is enough to focus on the diagram in Fig. 3(b) : it describes the intermediate states |I 1 = |e 1 , g 2 , 0 |N − 1 L , |I 2 = |g 1 , g 2 , 1 ω |N − 1 L and |I 3 = |g 1 , e 2 , 0 |N − 1 L with energies E I1 = (N − 1) ω L + ω e , E I2 = (N − 1) ω L + ω and E I3 = (N − 1) ω L + ω e , respectively, where ω denotes the mode of the virtual photon that mediates the interaction between vertices II and III, with |1 ω ≡â
